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Orthogonality between Scales and Wavelets in a
Representation for Correlation Functions.
The Lattice Dipole Gas and (V¢)* Models
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Exact formulas for the correlation functions of lattice scalar field models in Z¢,
d =3, such as the dipole gas and anharmonic crystal are derived in terms of the
effective action generated after » applications of the block renormalization
group transformation. Utilizing the orthogonality between different momentum
scales (relations due to the wavelets implicit in the structure of the block renor-
malization group transformation), the formulas are quite simple, isolate the
dominant term, and, in the thermodynamic and »#— oo limits, reduce the
analysis to local estimates of the effective action. Based on a large-small field
analysis, the two-point function is determined and it is shown how to extend the
results to general correlations. The results proved here show the usefulness of
the “orthogonality-of-scales” property for the study of correlation functions.

KEY WORDS: Orthogonality between scales; correlation functions; block
renormalization group; dipole gas.

1. INTRODUCTION

The present paper establishes rigorously the thermodynamic limit of a use-
ful representation for the correlation functions of some lattice scalar field
theories such as the dipole gas and (V¢#)* models, d> 3. The analysis here
completes the perturbative study described in a previous article,’"’ and the
treatment is carried out in the framework of the large-small field analysis
of refs.2 and 3. Only the two-point function is studied in detail, but we
indicate the extension to general correlations.

Our aim is to show the usefulness of the orthogonality between dif-
ferent momentum scales for the study of correlation functions (property
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due to the lattice wavelet structure implicit in the block renormalization
group). We expect later to obtain similar representations for more
complicated models and other renormalization groups.

Let us summarize the results. The final representation leads to exact
formulas for the correlation functions, not only to asymptotic approxima-
tions. Different momentum scales represented by certain operators in these
formulas are shown to be related to mutually commuting orthogonal
projections which are associated to lattice wavelets. This “natural”
orthogonality between scales makes the formulas quite simple, and their
analysis poses no difficulty. The terms giving the correct long-distance
behavior and the subdominant contributions are separated in the correla-
tion functions, which are determined only by the limit of field derivatives
of the effective action at zero field and by a sequence of wavefunction
renormalization constants. The long-distance behavior for the correlations
confirms existing results, > but the error term is smaller (i.c., we have a
better control of the correction to the terms associated with the massless
Gaussian theory).

The models to be considered are given by the finite lattice scalar field
theory expressed by the Hamiltonian

H(p) = 3bo(¢, 49) + V(4) (L1)

where @(x)eR; xeAdy, Ay=[—L"/2,LY/2]1°nZ% L odd, d>3, and
A =0'0 (considering Dirichlet boundary conditions; for periodic boundary
conditions we shall include the zero mode regulator; see ref 2). V is
assumed to be a functional of the vector field 0,¢(x), xe 4y, invariant
under lattice translations, rotations, and reflections, even, and vanishing at
zero,
Vig)= ) v(0,8(x)) (1.2)
wxe AN

The lattice dipole gas and anharmonic crystal are examples of such
interactions.

To obtain the representation, we follow the flow of the generating
function

Z(h)= | exp[ - H($)] D (1.3)

H(p)=H($)—(h, ¢), Dp =11, dp(x), by the block spin renormaliza-
tion transformations given by, in the first step,

_Jexp[ —H($)15(C4—y) D¢

(numerator with {y = A= 0)

exp[—H'()] (1.4)
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where 0(Cop— ) =11, e, ,HCh(x)—y(x)), and Cg(x) is the rescaled
average in the block bF_ of side L, centered at Lx e 4,

Colx)=LU=2PL=7 3 §(y) (1.5)

L
yeby,

L¥=2/2 is the scaling factor (using the canonical field dimension).

After n steps (n < N), making explicit at each step the minimum of the
effective action [calculated after discarding the small perturbative potential
and considering the constraint 5(C¢’ — ¢’* '), where ¢/* ! is the block field
at the (j+ 1)th scale], and separating the marginal terms (local quadratic
part), we obtain (see ref. 1 for details)

Z(h) = c exp[(h, P,h)]

x f exp{ — V(0. [M,4+G,h])—13b.(¢, 4,4)} D (1.6)

where ¢ does not depend on h; b, is the wavefunction renormalization
constant at the nth step; V" is the nth perturbative potential minus its local
quadratic part; P, and G, are given by

—1 41 ol bn_bj ? t
P,=bt47"' =Y o\~ M,I';M] (1.7)
j=0 %n J
o, "=t 1 /b,—b;
G,=b a7~ b_< 5. ’) MJ-F,-M]’.r (1.8)
j=0"Yn J
with
Q:AJ?I—AJ*CTAHICA;‘ (1.9)
Aj:(cjg—lc;)*l (1.10)
Mj=A*1CJTAj (1.11)

where C; is the rescaled average over a block of side L/, and is given by
(1.5) replacing L by L’. We remark that the limit of 4, as n goes to infinity
is the fixed point associated with the continuum Laplacian, and that P,
contains the main terms for the correlation functions (as we hope, and
prove later, since it is formed by the minimum of the effective action
separated at each step). It is shown in refs. 1 and 2 that

|M,IM] (x, )| <LV Dexp(—o'L7 [x—yl), o >0
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so that, roughly speaking, the jth term of (1.7) and (1.8) gives the contribu-
tion around the momentum scale L.

We shall emphasize that the operators M, I ijT are associated with
the Laplacian decomposition

n—1
471=Y MjrijT+MnA;1Mj, (1.12)
j=0
with
\M, A7 M (x, p)} <cL "= (1.13)

(see  Section 3), and that =AM M)A? and 3, =
AV M, 47 M) A'* are mutually orthogonal projections

PP=0,8, P|=P, 22=2

J J? n ns leﬁns Qn'%zgﬂn:() (114)
(for j=0,.,n—1). The lattice wavelets (which we have claimed to be
implicit in the structures presented here) are given by f,=A4">Mu (for
any u in Ay_;, with Cu=0), the eigenfunctions of # above, and by
h,=A4"M,v (for any v in A,_,), the eigenfunctions of 2, (ie., the
wavelets are the spectral decomposition of these operators). Note that
the orthogonality relation between scales [which is needed to obtain the
representation (1.6)] can be stated as an orthogonality of wavelets on
different scales. However, we find it notationally more economical and
conceptually clearer to use the orthogonality as given in (1.14). Translation
properties of the eigenfunctions and commentaries about the formulas
above are presented in ref. 1; see ref. 6 for more details about the relation
between wavelets and the block renormalization group.

One must also emphasize the simplicity of the generating function
(1.6). Due to the orthogonal relations between operators associated with
different momentum scales (in other words, to the connection with
wavelets), the final formula is quite simple: there are two propagators
[given by the formulas (1.7) and (1.8)] and there is no mixing between
scales.

Differentiating In Z(#), we generate the k-point truncated function

k T
<n ¢<x,»)> = 0% In Z(h)/oh(x,) - Oh(xe) n oo
i=1

k
=5k,2Pn(x17 x2)_Dl;1..,kan(0) H ay,Gn(yisxi)—i—Ran
i=1

(1.15)
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0, acting on y,, and
Dﬁ1-~-kanEakVn/aX(y1)"'aX(yk), y=0,M,¢

ak
Oh(xy) - Oh(xy)

Ran:
h=0
1
xIn [ exp {— L S DL, V@uMud) =D}, V7(0)]
p=14"
P

b
T 0,6 %) ) exp | = 77(0,M, )= (. 4,) | D

i=1

(1.16)

where we made explicit the derivatives of the effective potential at zero
field.

In the present article we intend to prove that lim,, . Ry, =0,
besides the well-known fact that the canonical scaling limit is given by the
massless Gaussian Euclidean field. Intuitively, the vanishing of R,,, is
expected since it represents, roughly, contributions from the momentum
scale [0, L™"].

The rest of the paper is organized as follows: in Section 2 we give the
Gibbs factor representation that is carried over by the renormalization
transformations, and state inductive hypotheses which allow us to follow
the flow of the derivatives of effective potential. In Section 3, using these
hypotheses, we establish in detail the thermodynamic limit for the two-
point function and carefully study its asymptotic behavior. Section 4 is
devoted to technical proofs of the inductive hypothesis, and Section 5 to
general correlations and final comments.

2. SMALL-LARGE FIELD ANALYSIS AND INDUCTIVE
HYPOTHESIS FOR THE DERIVATIVES OF THE EFFECTIVE
POTENTIAL

We extend here the small-large field analysis of refs. 2 and 3 for the
flow of the derivatives of the effective potential in order to obtain a good
control of these terms (ie., of D’y‘lu_ WV for arbitrary n).

The considered method is a nonperturbative treatment of the block
renormalization group, and was developed to deal simultaneously with the
nonlocal potentials (created by the renormalization transformation) and
with the positivity of the effective actions. Cluster expansions and
analyticity properties of the effective interactions are used to solve these
problems, but after separating the regions where the large block fields can
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spoil the convergence of the expansions (these regions are controlled by
iterative bounds).

Let us introduce now the representation for the Gibbs factor (related
to the small-large field division) which is carried over by the renormaliza-
tion group transformations. The notation is similar to that in ref. 2 and we
use the structures and results proved there. Thus, reading ref. 2 is necessary
to understanding the present article (specifically, Section 4).

We shall consider subsets D, X, 7,... of lattices L~ "4, or 4,_, being
a union of blocks 4 of side L™, centered at points L™A, ,  (unless
otherwise stated). By | X| we understand the number of blocks 4 in X, and
by Z(X) the length of the shortest connected graph on the centers of
blocks 4 in X. By B we denote the union of blocks 4 intersecting B (B a
subset of L="4, or A, _,). Note that now we are considering lattices such
as L~"Z“ not only unitary lattices.

We take complex vector fields y” on L™"4, (although only real fields
interest us, bounds are easily obtained in a complex manifold), and for
X< L "4, define the small-field region as

H(X)= ("= 12), € X: |1 (2)] < (o +n)”

Vi) <ei(ng+mn)*? if z+L7"e,eX} (2.1)

where ¢, is a constant properly chosen, and v > 3d* +is fixed.

Given V", where
Y"(z) = (£,9")(z) (22)
¢" is the real block field at the nth step, and <7, the minimizer on L™ "4,,
Az, y))=L"" PP, (L2, y)) (2.3)
(ze L™"Z% and y,e Z9); we define the large-field region D,(Vy") as the
smallest subset of L~"4, such that

IV "(2')| < (no +n)” exp[a'd(z, z')] (2.4)
for each z ¢ D (Vy"), where o' =¢f’, for ¢ a small constant depending only

on the dimension, and B’ an L-dependent constant associated with the
exponential decay of various kernels (proved in ref. 2), such as

Az, y)l S cexp[—p'd(z, y;)] (2:5)

We shall separate the nonlocal quadratic term from the potential
defining (remember that we have already separated the local quadratic

part)
7' = Vi) — 3V K.Vx") (2.6)
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Given V{", a set D> D, (Vy"), and 7" € A,, we write the representa-
tion for the Gibbs factor

exp[ - 7" (VY +71= Y [l g% (V" +7")

(X3 J

xexp[— Y V';(W"+i")] @7)

Yo ~UiX;

where 3y, runs over the sets of dlS_]Olnt X; CL "Ay; DN X; is a union
of connected components of D; D<), X, depends on y" through its
restriction to X; (the same for 17';, and Y)

Now we state the inductive hypotheses for the effective potential (i.e.,
for the Gibbs factor representation) which allow us to prove the thermo-
dynamic limit of the correlation formulas. In order to avoid unnecessary
notational complications, we shall exhibit a detailed study for the two-
point function only (but in Section 5 we extend the arguments and the
hypotheses to a general correlation).

The statement involves several parameters: o, L, Ny, r, B, E, ny. For
while we assume that 0<d <1, L> Lo(8), No>No(8, L), r>ro(8, L, Ny),
B<BO(L No), E>Ey(Ly, No, 1), and ng>7y(d, L, Ny, B, r, E), where L,
No, ro, By, E,, and 7, do not depend on the volume L™ nor on n (the
renormalization step). Later we take ¢ as a function of L (precisely, there
is a constant ¢ so that 6" < cL 2" for all n). All constants are denoted by
¢, and none depends on the volume (V).

We make four inductive assumptions:

1,. g% is an even analytic functional on %,(D, X, 1), where

B(D, X,a)= ) (W"|y+at, (X)) (2.8)

Dp(Vy") = D

For all D, with D,nD=1J,DnX;, X; disjoint, and x"=Vy"+ 7",
D, (V") = D, 7" | y,€ A,(X;), we have

[T 125 (")l
< exp [k,,@,,(Dl,VI//”)—Za’ Z LX)+ E Z tDmXﬂ] (2.9)
where

gan(D,x")=<dez+J da(z)>2( "(2))° (2.10)

oD
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J do(z)=) L ™Y  forzeD,z+L "e,¢D
oD zu orz¢D,z+L ", eD (2.11)

ky. =k, +c(ny+n)~2 (2.12)

and o' as given in (2.4).

2,. P is an even analytic functional on 2.,(Y), bounded by
|77 < o™+ exp[ — 20/ L(Y)] (2.13)
where
I7”Y(0)=—ﬂ— (0)=0 (2.14)
07,(2) oy 3(2")
3,. The irrelevant quadratic term satisfies

K, (2 2)| <(n+1) 167" Y exp[—2u'L¥d(z, z/)] L% (2.15)

k=0

and for the wavefunction renormalization

16, = by ™" (2.16)
4,. For V" on 2K, (Y), z, 2’ € Y,
817};’ n 4v+4dy —n(d+1)snp+n 7
322) (" <clng+n) L 17 exp[ 2o’ Z(Y)]
(2.17)
6217’;’ n 4v+4d §y —n(d+2)Sno+n ’
W(% ) <c(n0+n) L om0 CXp[—ZO(g(Y)]
v [4

(2.18)

(for z not in Y the derivative vanishes).

The hypotheses 1,-3, are considered and proved in ref. 2 (for each n
so that O <n<N—N,). Note that 4,, ie., an extra contractive factor
associated with the potential derivatives, is intuitively expected: naively
taking, e.g., the potential 4, | [x"(z)]* dz at the nth step with the derivative
8/0y"(u), we pick up a factor L "¢ obtaining kA, L "[y"(u)]* .

3. THE TWO-POINT FUNCTION

Before 4, let us show that, in the thermodynamic limit, the two-point
correlation is determined by P (x, y) and a subdominant term associated
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with the limit of the second derivative of the effective potential at zero field
as we have claimed.
In fact, we shall prove the following proposition [see (1.15)]:

2
Mlnif_l}w CP(x1) §(x2) D = Po(xy, xz)‘jv’lnl‘f_l}oO D;I,yz V"(0) 1&—[1 0, Gu(yis X;)

where the dominant term P_(x,, x,) is given by 67'4(x;, x,) plus a
correction with faster falloff than (1+ |x, — x,|)~“*?; and the decay of
the second term is bounded by (1 +|x, —x,])~“*%, ¢ >0 and small

Differentiating twice In Z{h) of (1.6), we obtain

W0 87> = P,tx. ) +{ [ Dpexp | =26, 4,6) | 6,015

8%p .
" m x=0Myé UCGH(Z’ y)}
b ~1

x{fD(/ﬁ exp[- —§(¢,An¢)} p} (3.1)

where the sum over repeated indices is always considered, and

p=exp[ —V"(x)1=exp[ - 7"(x)] exp[ —3(Vy, K, V1)

[by exp(— F") we understand the expression given in (2.7)]. Note that to
obtain (3.1) we have considered exp[ — V"(x + 0G,h)] at each step, but
since Y, 0G,(u, v)| < L" (which is proved below), it is always possible to
take # sufficiently small so that the size of y + 0G4 (and the small, large
regions) is determined by y. We emphasize that R,,, and the term
associated with Dil ,,V"(0) are included in the second term of (3.1), and
also that in (3.1) the lattice is unitary, ie, w, x, y, z above are in Z¢
Therefore, to use the results of Section 2, it is necessary to take yx
in L7"4, given by y=V.u/,¢ (the derivative V also in L~"4,). Since
oM, ¢(w)=L"""V.of,¢(L~"w) [which comes from (2.3)], the relation
between the derivatives of p in different lattices is immediate:
2 2

__9r__ S I (3.2)

5Xp(W)5X5(Z) y=0Mué (?x#(L ”w)@xg(L "z) x=Vnd

At zero step we take V(¢) as an even analytic functional satisfying the
hypotheses 244, {taking g(¢)=exp[ —V(4)], g satisfies the hypothesis 1,
for the considered models}. Thus, after n =N — N, renormalization trans-
formations, we have the formula (3.1) and p given by 1,-4, [where, using

822/73/3-4-16
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(3.2), x is in L™"A4,]. Note that in the final lattice L~~~ 4, there is
only one block (of side L™, which is the scale adopted for the block size).
Consequently, p(x) is given by g"(x) or exp[ —(Vz, K,Vy)— (1)1,
never by the product (ie., one block is only in the large- or in the small-
field region, never in both).

Considering the last term in (3.1), the large-field contribution to the
correlation function is very small and vanishes as n (and N) goes to
infinity. Roughly (by 1,), |g"(x)| <expl[k,.(¢, 4,9)] (the same bound
following for derivatives of g”, since it is analytic on a strip). For k, <b,/2
[which follows for k< b/2 at zero step; see ref. 2 and (2.12)], the large
contribution is bounded by

[p D¢ exp[ —(b,/2—k,)(, 4,4)] L"x L"x L"
[ Dg exp[—3b,(4, 4,8)1 p

where L" above is a bound for |3, 0G,(z, y)| [using G,~cA~", which
follows from (1.8), (1.13), and (2.15)]. It is easy to show that the denomi-
nator is bigger than a positive constant [remember that the measure is
concentrated in zero and that p(0)=17]. The following inequality is proved
in ref. 2:

| W (&) de = (4 A ) pep>clno =% Ze LAy

Thus, for v>1d®>+1 (as considered here), the large-field region is
controlled by exp[ —c(ny +1)?], and so, very small, vanishing rapidly as n
goes to infinity.

In the small-field region, p(x)=exp[ — 2(Vy, K,Vy)— ¥"(x)], and we
have

orp=—[02 V401 p+ [0, 7500102, $(Vx, K, V)1 p
+ 00,5V, K, V0108, V5()1 p— 02, [3(Vi, K, V) 1p  (33)

where 0, above shall be understood as 6/0y, (L~ ").

From 4,, the potential second derivative [first term on the RHS of
(3.3)] is bounded by cL"@+2§m*"(n +n)**+4  which makes its
contribution to the two-point function smaller than

cL—n(d+2)5n0+n(n0+ i’l)4v+4d)< LndLnLn

which vanishes as n — oo since d < 1.
The second and third terms on the RHS of (3.3) are limited by

CL\n(d+l)5no+n(n0+n)4v+4d><CLvn(d+1)(nO+n)2v+2d
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(due to 4, and the bounds for the derivatives of K, proved in the next
section) and thus their contribution also vanishes as n— 0.

A more delicate analysis is necessary for the second derivative of the
irrelevant quadratic part [last term in (3.3)]: it corresponds to Dil » V(0)
in (1.15), and comes into the two-point function (3.1) as

nd 62[%(VX5 KnVX)]
aXH(L_nW) aXV(I‘#"Z) y=Va,d
= L™ x (L™ x (VlK?,ﬁ‘”VB)(L”‘W, L7"z2)0,G,(w,x)0,G,(z,¥)
= J5,(x, ) (34)

0.G,(w, x)0,G (2, y)

where V is the derivative in L™"4 (and 0, in the unitary lattice). Using
the relation V(L "y, L™"v) = L"“* 3 (u, v), we obtain

Fi(x, y)y=L 7" DK (L, L") 0,0,G (4, x) 050,G,(v, y)  (3.5)

From Egs. (3), (13), and (14) of Section 6 of ref. 2,
K, (L= Yy L=+ D)= L4=2K (L ™"u, L™")
+ R, (L™ Dy, L) (36)
where

|Iz(n+1(L"(”+”u, L=+ Dp) < cd™t M (ng+n)~ > exp[ —2aL ="V Ju—0|]
(3.7)

Starting with local interactions, iterating gives

L=k ([ ~my [ )

n—1 L p Nd—2) céno+(n-j) 2 L Ny
— —(n—jd-2) __ _~~ _ tr —n _
2, Tro+ (njyp SR b )
= L k(d—2) 65n0+k 2a’L k I (3 8
= e exp(—20'L " |lu—v .
z, o+l P D )

And with 6% < cL ™% (see next section),

-1
|L="@= DK (L~"u, L="w)l <c Y, L™ exp(—20'L™" Ju—1v|)
k=1

¢
S+ u—v])?
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Furthermore, from the bounds established in ref. 2 for the kernels of I, <7,
Vof, and VVZ, we have

|Ti(u, v)| < cexp(—a [u—v])

| M, (u, v)] <cL *4=D2 exp(—ao’ |L™*u~1v|)
[which leads to |M, 4 'M}(u, v)| < cL "¢~ 2, (1.13)], and also
10,0, M (u, v)| < L™*+22ck? exp(—a’ |[L™*u—1v|)
leading to
10,0, M T M(u, v)| < ck’L™* exp(—a'L™* [u—1v|)
And from (1.8), (1.12), (1.13), (2.15),

4

0,0,G S~
| pYy n(ua U)' (1+|H—U|)d;s

for ¢’ small (where k% < cL#*). Thus, we obtain
oy <e Y (T4 x—ul) 5 (L4 Ju—v|) 4 (1+ v~ y)~*""

uv

4

e 340
T+ =) (340)
i.e., faster falloff than 4~ !(x, y).
Finally, we consider the behavior of P,(x, y), for n — o0,
Po(x, y)=b2'A(x, y) = b 6, ») (3.11)
where
e} bk—boo 2 .
|6,(x, y)| = 2 b M M (%, y)
k=0 k
4 o0
<b_2 Z 6% |MkaM/t(X, Y
o k=0
4 o —dky —k(d—2 'y —k
Se— Y L™%L * Dexp(—a'L™" |x—yl)
boo k=0
<c(l+|x—y))y @2 (3.12)

and there is also a faster falloff than 4~ !(x, y), proving the claim.
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We shall emphasize the fine control of subdominant terms as another
advantage in using the orthogonal representation: the error term here,
O(]x]~9**), is smaller than those obtained in refs. 4 and 5.

4. PROVING HYPOTHESIS 4,

4.1. Technical Structures

To prove the hypothesis 4, we adopt the technical procedure presented
in ref 2. The notation (except for the wavefunction constant, which we
name b,) and the results obtained there are used here without repeating
the proofs. Essentially, this subsection lists the main technical structures
carefully described in ref. 2.

The Gibbs factor representation (2.7) is recovered {i.e., we prove that
it is valid for n+ 1) after introducing Mayer and cluster expansions in the
renormalization transformation (which controls the nonlocal potentials
and interactions between fluctuation fields) and separating the main terms
(the terms associated with local interactions and small fluctuation fields).
Thus, after several manipulations (all details in ref. 2), writing ¥” as y, and

"' as y', we have

exp[—~ W' (V1= Y [1p2(x)x J1 expl—wi(x)] (4.1)
(X ¢ ' A& D
with w/, associated with the local interactions and small fluctuation fields

expl—wy() 1= T [expl—P,(x9)— 42V .4(°)]

A4 L7144

x1o(Z4) dus-(Z ) (4.2)

where Z (fluctuation field) is defined by rewriting the renormalization
transformation as

exp[—W'(x")]1= f exp[— V(L)' (L™ )+ VZ(- )] du;-(Z) (4.3)
with
W(x'y=V{(x)+38W )+ Ww'(0) (4.4)

(remember that we always separate the local quadratic and constant parts
in W), and

Z"(z)=(o4,00,Z")(z) (4.5)
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where I, is already defined (1.9), and also ., in (2.3), (1.11). The operator
Q: Ay _,=Ay \LAy_,_1— Ay_, is defined so that CQ =0, and does
the same as the d-function in (1.4). In other words,

exp[ — W'(1')] = | exp[— V(L= (L~" )+ Voyn)] 8(Cn)

xexp[ —3b,(n, 4,m)] Dn

which is the expression used in ref. 1. See Eqg. (23) in Section 2 of ref. 2 for
details about Q. In (4.2), Z, means Z|, and 1,(Z,) is related to the size
of Z: to obtain (4.1) a partition of unity specifying the magnitude of Z was
introduced,

1=3 1,2) (4.6)

where p=(p,), xe Ay_,, p»=0, 1,.., and

1,2)= ] 1UBme+n) p.<IZ,I<Bng+n) (p,+1)) (47)
XE/TN_,,
B a constant. Thus, in (4.2) we are considering only small fluctuation fields,
as noted before. A structure to decouple the nonlocal dependence of the
fields VZ and VVZ on Z has also been introduced by defining the
interpolating field V,Z*:

V.2 (@)=} Y sy(Lyilz) Lo (x) + 1i(2) Ly () (Vo QT )z, x) Z(x)

+Z Z Lyi(2) 1y (x)V , L QT )z, x) Z(x) (4.8)

where, given {X,}, {Y }, and {Y,} (sets associated with the large-field
region, Mayer expansions of the potential, and its irrelevant quadratic part,
respectively), the sets U, i=1,..,n, are formed by dividing L~"4, into

components connected with X, Y,, or Y, [those U’ not intersecting X,
Y,, or Y, are 4 sets—that is the case in (4.2}]. Set
Y=L (L) +VE() (49)

¥° in (4.2) means that we consider only “local” interactions between

fluctuation fields.

The sum in (4.1) runs over the sets of disjoint X’g, with D'\, X’(, each
D'~ X, being a union of connected components of D’ or empty. To define
b'¢ ; we introduce X, which contains the large-field region, large fluctuations,
and nonlocal interactions:

T=RUU LX) U.L VDUUpL TYU Ui LT, (410)
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with |Y,|, | Y,| > 1 coming from Mayer expansions of the effective potential
and its irrelevant quadratic part; and R defined as L™'R together with
the next-neighbor blocks 4 in L~¢"*+"4,, where R represents the large-
fluctuation fields,

R= |J {zeL "Ay:d(z x)<20'"log(l+p,)} (4.11)

xE/TN__,,

P, is given by (4.7); o’ is the same as in (2.4). The sets U, are associated
with cluster expansions decoupling the nonlocal dependence of the fluctua-
tion fields V& and VVZ on Z, ie., related to U’, U’ given in (4.8). To
understand them, we introduce I, the subset of pairs {(i, j)},-; (i, j from
U’, U7) and {F }, the connected components of I For iesupp I", (union
of vertices 4, j in I',) we denote the corresponding U by U, and thus define
U,as U, U.. Fmally, X, is obtained from the partition of X into polymers,
ie., connected components of the graph drawn on the blocks 4 in ¥
formed by lines joining two different blocks if one is in L~ 'R and the other
its next neighbor, or if both are in a single L~'X,, single L7'Y,, single
L='Y,, or single U,, n,> 1.
The polymer activity in (4.1) is given by

p20)= L [IIS@) TR0 T {exol— P01 1}
2 X (Y { Y1 {0y} 4 J x
xH {expl—30Vy(x)1 -1} I expl—P.4(x)]
A< LXY\U; X;

x [1 exp[—36°V.a(x")]

< UZu) o) | T entowir]
= z{u}jn S(T,) F(X,, Yo, Ypi 1)
< A(Zux) diy oZ5)] [T expl— w3t (4.12)
where U, = {U!}1 ;
ﬂﬁﬁ:%jmnal (4.13)

with the sum running over all connected graphs I" on n, points;
dsr =Tl perdsy; 0 =11, (8/0s,); and the following restrictions were
assumed:
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(a) p vanishes outside LY.

(b) X, are disjoint, X;n D formed by connected components of
D=L(D' VL 'R), DnLX <), X,

(©) Y. Y,cLE |V, 1Yl>1, Y,n (U, X)=0.

(d) {U,} are partitions of LX,and U ; is connected with X, Y,, Y.

(¢) The graph on the blocks 4< X is connected (constructed
following the procedure described above).

In a few words, the nonlocal interactions and the large fields are
considered in p%.

The hypothesis 4, is assumed in the small-field region D’ = (&, where
W’ may be taken as W'(x')=>, wi(x' )+ >y Wy(x'), with W’ given by

exp[ —Wy(x)1= % []r2() (4.14)
{3 ¢

¥, disjoint, |J, X, =Y. So we write

Py =Wy — Wi(0)— 30 WY (1Y{>1) (4.15)
Vi=W,—W,(0)—L6°W", +v, (4.16)
vl =wy— wy(0) — 16w/, (4.17)

The expression (4.14) involving potential exponentiation is suitable for
work on derivatives: since it is given by disjoint polymers, the derivative
will not cause a proliferation of terms (which would happen due to the
product). Thus, in the expression

0
- W, | | 4.18

only the term p? such that ze X ¢ is changed by the derivative operator
Concerning the relation between the derivatives of W', and of exp(— W),
it is obvious that

D, exp(—WY)
—-D. W,= —Wy)y=——"7———" 4.1
z Dz ln exp( Y) exp( _ le) ( 9)
DLW, _Diz' exp(— W’Y)_Dz exp(— W'y) x D, exp(— W) (4.20)

exp(—WY) exp(—2WY)

where we wrote 8/0y'(z) as D, and 0°/0x'(z) 0x'(z') as D2,..
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4.2, The Local Potential Estimates

We first study the derivatives of v/;, the potential part which includes
local interactions and small fluctuation fields. Here, the simplicity of the
renormalization transformation (4.2) makes it easy to see the extra factors
L' obtained with the derivatives (hypothesis 4,). To make this trans-
parent, we present the analysis in detail (and repeat some arguments
described in ref. 2).

Equations (4.2) and (4.17) give us v/, in terms of the previous scale. In
Appendix 1 of ref. 2 it is proved that

V. Z°(2)| < 3(ng +n)’
V.V, . Z°(2)| < cn(ng+n)’
for z¢ R; z and z+ L™ "e, e U"; 0<s< 1. Due to (4.21) and hypothesis 2,,,
the integrand exp[ —V,(x°)—3162V ,(x°)] is analytic in y' [where

W()=L™ Py (L= )+ VZ°(-)] on L%, (4) [considering Z on the
support of 14(Z,}]. In addition,

(7,00 <% 3187V () < ed™ " "(ng +n) 2 (4.22)

(4.21)

where the last inequality is due to (4.21) and 3, (later in this section, a
bound associated with the irrelevant quadratic term is shown in detail).
Thus, on LY, , ((4),

lexpl — 7 4(2°) = 58°V 4 (1)1 = DI < 6™ "(no+n)* 2 (4.23)
leading to
lexp[ —wi(x')] — 1] <cd™*"(ng +n)> * 2 (4.24)
since

(0620~ 1 s (20| <expl =80 1]

Hence, w/, is analytic on the region LY?4, , ,(A4) and there
Wyl < cd™t(ny+n)* +2 (4.25)

To analyze v/, (quartic and higher parts of w/) we introduce a
truncated expansion

wi)= Y —log [expl—Vu(1) — $0*Vu(x*)] 1o(Za) dits-i(Z)

AL 4 =4

1
= T S i | i =) V]
AL~ =g

(4.26)
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where

V=P ali) 435V o 2)
[ xexp[ =17, (x°)] 1o(Z ) dps-(Z 1)
Jexpl —17,(x")] 1o(Z 1) duy-(Z 1)

and {x;..; x> means the truncated average.
Introducing the complex variable z in w/(Zy’), using the Cauchy
integral formula and (4.22), we obtain for y' €24, , (4) and m >0,

or (427)

ar ~ 1 —m
5 VA,(XO(Z))‘ <m! (5 Ld/2> jrotn (4.28)
=0
and for m=1, 2,
dm ] 2 ] ng+n 2v+2d
pE 55 V x°(2))| < ed™ ™ (ng + n) (4.29)
=0

(vanishing for m > 2).
Thus, using the bounds (4.28), (4.29) above and the truncated
expression (4.26), for y' €24, (4), m>2,

m

e 74
dz"|:-¢

1 —nt
w’A(Zx’)‘ < Lém! (Z Ld/2> sno+n (4.30)

and so, for v),(y') on 24, . (4),

’ ’ < 1 dm "(Zy'
Wil =| X s g OwM)l
<44L*d(1—4L*d/2)*15"°+"<%5"°+"+‘ (4.31)

(large L and L=< ).

To study the derivatives of v/,, we take the truncated expression (4.26)
and, in w/;, comsider the terms of quartic and superior order. For
v (x')/0y' (u) we analyze

owa(x') _ <5"f€r(x)>
oy (u) oy’ (u)

1 ¢ ! 2 . . T
e { Gty [ =y v ol

(4.32)
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The main part is given by 7 ,.(x)/0y’(#) in the first term on the RHS of
(4.32), which is bounded by [for y' on L¥*4] , ,(4)]

L% x o[, —nd+ 1)5no+n(n0 + n)4v+4d

where the factor L~%? comes from the relation between y’ and y, and the

other from hypothesis 4,. Note that in 0¥ ,/0y'(u) just one set A’ is con-
sidered: the one which contains u (although, given 4, there exist L9 sets 4’
such that L~ 'A'cA4). Restricting ¥’ to 24, ,(4) we get the factor
(3L~ %?)* due to Cauchy estimates, and the bound becomes (for L~¢< ),
say,

éc(n0+n+ 1)4v+4dL—-(n+1)(d+1)5no+n+l (433)

The second part of the RHS of (4.32) includes terms such as
06*V 4/0y'(u), which is bounded by

L% L4 x j VK, (1, ) VVZ*(2) dz
P

(the term VK,VVy' is not considered because it disappears within the
truncated expansion). To bound K, we introduce Eq. (3.8) in the integral
above, obtaining

Céng+n

J\A/VKH(M, Z) dz m‘j

<L"x

Now we remark that the size of § is limited by relations with L, and the
main restriction is given by hypothesis 3, to obtain (2.14) at step n+1
from (3.6) and (3.7) we need L~%/(n+ 1)< /[(n+ 1)+ 1]. Consequently,
it is possible to get one constant ¢ which does not depend on », such that
8" <cL™*" (note that lim, , ., {[(n+ 1)+ 1]/(n+ 1)}"=e). Hence,

SL'x L™ *¢ (4.34)

J VK, (u, z) dz
"

and the bound for 86%V /0y (1) becomes
L= x L= x L"x L™ x ¢ x sup(VVZ?)
< CLfn(d+1)L7d/2 x (”o + n)2v+2d

[from (4.21)]. But obviously, for v, (ie., quartic and superior terms of w’)
we must have another §°V, or ¥, together with the term K, in the
considered part of the expansion (4.32), which is then limited by
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6n0+n(n0+n)2v+2dxL—n(d+l)L—d/Z(n0+n)2v+2dcon5t

[
< _5no+n+lL—(n+1)(d+1)(nO+n)4v+4d

6

(note that ¢, although depending on L, does not depend on ).
The same bound follows for the last term of (4.32), leading to

ovy(x')
ay'(u)

Concerning 8°v'/0y’(u) éy'(r), we shall analyze an expression similar to
(4.32). For the first part {3*¥.(x")/0y (1) x'(r)> ¢ we obtain the bound

1
S'Z‘CL_(H+I)(‘J+I)(I10+H+1)4v+4d5n0+n+1 (435)

Lfd/ZLfd/Z X Lfn(d+ 2)6no+nc(n0 + n)4v+4d

for y'e LY*A4,,, (4), and restricting to y' €24, , (4),

EL—(n+1)(d+2)(n0+n+ 1)4v+4d5ng+n+1
6

Considering the rest of the expression, we note that 0262V /0y (1) 0y’ (r)
disappears in {-;->J and also in [di(l1—1)> (-;-;->7, and that the
greatest term is associated with

<652VA'(X)_ 552V4f(x)> !
Ox'(u) ~ Ox'(r)

0

which is bounded by
(L™"L~L"L~*"c x sup(VVZ*))?

C
< EL_(n+1)(d+2)(no+n+ 1)4v+4d5n0+n+1

(for L=%< 6). Altogether, we get

‘ *v,(x)
oy’ (u) 0y (r)

1
gECL—(n+1)(d+2)(no+n+1)4v+4d5n0+n+1 (436)

4.3. The Polymer Estimates

Now, to estimate the derivatives of W (the terms of order four and
higher, since we are interested in V') we shall evaluate the polymer
activities (4.12).
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In Section5 of ref. 2 a general polymer is carefully analyzed and
bounds are established for the activities. In the small-field region D' = &,
several considerations are made to improve the bounds and to limit | W]
properly, thus proving hypothesis 2, i.e., | %] <™+ " exp[ —20' L(Y)].

Here we use all these results without repeating the proofs. We show
how to extract the desired additional factors L " in the polymer expansion
for the derivatives of 7", as compared to the expansion for 7', (already
studied and controlled in ref. 2). Briefly, in the expression for DWW, (4.19)
(discarding in W', the terms up to second order in y’), we show that it is
always possible to make explicit one part bounded by

(n0+n+1)4v+4dLA(n+l)(d+I)éng-&-n-&-lexp[*zarg(y)]

and write the total expression as this part times the rest, which is limited
by, say,

{exp[| W'y — W'(0)| 1}*> <exp(6™*")

Similar considerations follow for D*W’,, (4.20).

Let us start with one derivative in W, analyzing (4.18) and (4.19),
i.e., the factors 8pZ/dy’'(z) therein.

Polymers with R+ (J (containing large fluctuation fields) involve
factors such as exp[ —cB*(ny+n)* |R|] [see, e.g., Eq. (43) in Section 5 of
ref. 2], much smaller than the factors we need. Let us then consider those
with R= .

Terms with the derivative 0/dy'(z) acting in one Y, [see (4.12)] have
0%V y,/0y'(z) bounded by

L% L4 x j VK(z, ') VVZ*(2') d2' (4.37)
Yp
[remembering that L="¢ is due to the lattice L™ "4,, and L~%? due to
0%V y, =0V (1), with y*= L™y’ +VZ*]. Note that the derivatives of
terms 52Vyﬂ, such as (Vy', KVy’'), contribute just to the quadratic part of
W’ since

expL— W1 = [exp| =% 720~ 30%(0) | 1a s (2) dty(2)

=W(y)= <z 162V, + I7Y>
Y

T

- %<Z 3+ Py Y 367V, + I7y> +rest (4.38)
Y Y

0
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[see (4.3) and (4.26)], showing that the constant terms on Z disappear in
the truncated expansion (except for the first term where 62V is related to
the quadratic part of W, which we do not consider here). From (4.21) and
(4.34), (4.37) becomes

<CL_n(d+1)L_d/2(l’lO+n)2v+2d (439)

But, obviously, the expansion for the derivative of quartic and higher parts
of W'y must contain other terms 6>V, Vy ... (never one unique 6°Vy,).
This other term is bounded by, say,

8™+ "(ng+ 1)+ exp[ — 20/ L(Y,)] G~ 7, G large
or
céno+n(n0+n)2v+2dexp[_7cx’$(yﬂ)]

[see Egs.(55) and (57) of Section 5 of ref 27]. Thus, considering the
product, we obtain the factor

ch(n+1)(d+1)5no+n+1 exp[_2a/$(X~')](n0+n+ 1)4v+4d

(for the polymer in X).
The term with just one Y, and #(Y,)> Z(X) yields

L—d/Zx (L—(d/2+1)5)XLfn(d+l)5n0+n
x exp[ — 20/ L(X)1(ng + ny* + 4 G~ ¥
— L—(n+1)(d+1)5no+n+1 CXp[—Zd'f(X’)](n0+n)4"+4dG_m

where (L~ “?*1§) is extracted from the difference between #(Y,) and
#(X) (L™ large), and the other factors come from the relation between y°
and y’, and hypothesis 4, (assuming step # to prove #+ 1). With one Y,
and £(Y,)=2(X) we have

2670+ " exp[ — 20/ L(X) ] x L@+ D 5 [~9? (4.40)

where the first factor above is a bound for the polymer activity with the
field ' in the region :L%%4; , ,(X); the second is due to the hypothesis 4,,;
and the last is due to the relation between y° and y'.

We note that the estimate of similar polymers in the proof of
hypothesis 2, in Section 5 of ref. 2 contains an extra factor LY~' as com-
pared to the first term in (4.40) above. The fact is that in Section 5 of ref. 2
it is necessary to sum over all Y, such that L= 'Y, = X, and there may exist
up to L4 ! sets Y, for each X. But in our case (for the derivative) we




Orthogonality between Scales M7

consider just one set since only one of these L~! different sets ¥, may
contain the site z associated with the derivative 6/0y'(z).

The restriction to the region y'e24,,,(X) introduces a factor
(8L™?)* leading in (4.40) to 3§m*n+1L -+ D+ Dexpl —20'%(X)]
(for L=9 < 8).

Due to S(U,) [see (4.12) and (4.13)], the terms with no Y, or Y,
must contain derivatives of exp[ — ¥ ,(x*)] or exp[ — 6%V ,(x*)]. Noting
that 8, exp[ — V,(x*)]1=0,(exp[ — V,(x°)]— 1) [4, as defined in (4.13)],
and the same for exp[ — 162V ,(x*)1, we follow an analysis similar to those
described for ¥, and 6°Vy,.

Thus, from (4.18), (4.19), the estimates, and the comments above, we
get

'017'y(x’)

4 \<C(n0+n+ I)Av_+4dL_(n+1)(d+1)5n0+n+1CXp[—ZO(,g(Y)]
0x'(2)

Now we turn to the derivation of the second derivative assumption.
From (4.14)

Pepl-Wy()]__ @ {
"D ) @)

¥ 1o} @

{%y ¢

Let us first remark that, from the truncated expansion for W' [see (4.38)
and remarks ], the terms including 6262V, (i.., the second derivative of the
irrelevant quadratic part) contribute only to the derivative of the quadratic
part of W' (which does not interest us).

We consider the terms with R= . Those with just one Y, ie,
0%6°V y, are discarded in our analysis as described above. For those with
two Yz, one derivative in Y, and another in Y, using (4.39), we get

0
PITIEY 52VY¢;1(X,) Ll —94? —ntd+ Dy + P

oy (2)
and another similar factor due to Y,,, leading to
L+ Ddegmotatleg 4 1) +*expl — 20 £ (X)]
[for L="LY<c exp[—20'#(X)] 6", which essentially means L~¢<4;
note that for X formed by Y, and Y,, £(X) is not large, since | ¥, <4;

see the comments below Eq. (14) in Section 3 of ref. 2]. An analysis similar
to that already described holds for the terms with one Y, and one Y; with
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.. with just one Y, and £(Y,)>%(X); with one Y, and
L(Y,)=2(X); and also for those with no Y, or Y,. Thus, we obtain

two Y

8217'
‘ - Y’ - <CL—(n+1)(d+2)(no+n+1)4v+4d5n0+n+1exp[_zarg(y)]
0x'(z) 0y'(2")

for y'e24,, (Y).

5. GENERAL CORRELATIONS AND FINAL COMMENTS

The same procedure adopted in the previous sections to control the
two-point function applies for a general correlation. Here, we describe this
analysis for the k-point function without the technical details, arguing to
show the main points.

Differentiating k times In Z(%) of (1.6), we obtain

{@(x,) "‘¢(xk)>T

_ b,
- {J Dy exp [_ 2 w"’”‘”] ZCHRR MO

X =0Myd

X am Gn(ul’ xl) e auan(uk’ xk)}

L exp | - %(¢,An¢)1p}‘l (5.1)

[see (3.1) for details], u,, x; now on the unity lattice.

Let us consider only the delicate part: the small-field region with all
the derivatives in the same term. Taking the kth derivative of the potential
in (5.1), we need to control

ok
aX;M(L‘nul) e axuk(l‘_nuk)

[ (ndi2)k

0

1=Vaind

Gn(ula xl) -0 G,,(le, xk)

I3 Hie

(5.2)

For the ¥ parts of order k+2 and up (in y) we shall obtain a bound by
generalizing hypothesis 4,

ID*V ()| < cL "k —nkgmo+nexpl —2u' L(Y)] (5.3)

where ye A (Y), D*=0%/0y(z,) --0x(zx) [for k=4, extra factors L™"
control the factor (n,+#n)* ¢ which appears in (2.16) and (2.17), k=2].
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As a rapid argument we examine the renormalization transformation
for the local potential. From (4.2), approximately,

epl—vi(Txc [ [expl—0,00] 1(Zs) duy (Zs)  (54)

AL =4

or, considering only the first order in v,

)= ) (o)) (5.5)
AL 4 =4
where (x> =[x 14(Z,)duy-«(Z4). Writing D*=0%/0y'(z,) - dx'(zx),
and for y' e LY*, , ,(4),

D oy(x') = (L™ ) (D", (x°)>
|Dku;'(X/)I < (L—d/Z)k (L—n(d/Z)kL*nkcsno-fn)

where (L~%?)* comes from the relation y'= L~ %%y +VZ, and the other
factor from the assumption (5.3) assumed in the nth step [remarking that
the L7 terms from the sum over 4’ in (5.5) disappear with the derivative].
Introducing the complex variable Z as in Eq.(4.28), using Cauchy
estimates, restricting ¥’ to 2.7, , ,(4), and considering the potential parts of
order £+ 2 and higher (in '), we get

o
}D/kv;l(x,” < (Lfd/l)k L—n(d/l)kL—rzk5n0+n Z (%Ld/Z)fj
j=k+2
SL——(n+1)(d/2)kL~(n+l)k5n0+n+1

(for L=“<§), which approximately justifies the generalization proposed
in (5.3).

Thus, with (5.3) and |3, ., 0,G.(u, x)| <L", it follows immediately
that the contribution to the k-point truncated function of the potential
parts with order higher than & vanishes at the thermodynamic limit [in
(1.15), this means limy, _, o, Ren,=0].

Now we turn to the analysis of the ¥ part with k fields, which remains
in the thermodynamic limit. For the kernel S, of this term, ie.,

oV
61u1(L7nu1) toT aXuk(L*nuk) 2=Vnd

following the basic property of the renormalization group, which says
that the transformation maintains local potential modulo exponentially
decaying tails, we expect

Sy (L0 Yx o, L= Dy )= (L)% S, (L™ "% 1,00y L77X)
+ G AL "Xy L7 "x,) (5.6)

S L 7% ey L7 "x5) =

(0)

822/73/3-4-17
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where x,,.., X, are in the unitary lattice, L“* is the scaling factor
( =L x4+ ---), and, as claimed,

|G L "X ey LTx)| ™" exp[ —ed(L "xy5e, L7"x)] (5.7)

where d(-,.., -) gives, in some sense, the distance between the points (e.g.,
the length of the shortest connected graph), and 6™ *" is directly related to
the bound for the perturbative potential (hypothesis 2,).

Tterating (5.6) and using (5.7), we obtain

[L=m5S (L= ey L7 x0)| < Y, L¢80 exp[ — L ™d(Xy ey Xi) ]

j=1

<l 4 d(x,,my xp)) = @2+ (5.8)

See (3.8) and (3.9). And with 10,G,(u x)| <c(1+ lu—x|)"9t! [see
comments below Eq. (3.9)], we get for the term of the k-point truncated
function which survives in the thermodynamic limit (and # — o0)

k
Dﬁl-“)’k Vn(o) l_[ au,-Gn(yiaxi)

i=1

K 1 1
< 2 "{E(lﬂxi—yind—‘} (T dom e 09

Vises VRE AN

Note that this expression leads to a tree graph decay. It is easy to see
that it vanishes in the scaling limit: taking the four-point function as an
example, and roughly using

1 c
(1+d(yiss )’4))dk/2+2\pa§ngs (L4 1y =y (L4 1 ys— yal)?*°

it follows that (5.9) with k=4 is bounded by

¢
Z (Lo, =X} )72 e (1 4 |y — x| )72 +°

pairings

a slight improvement for the estimatives presented in ref. 4 [although a
much better bound may be obtained from (5.9)].

We remark that it is possible to improve the exponent (dk/2+2) in
(5.9). Separatmg the poten‘ual 7 at the zero renormalization step into
several parts, V(4), ,V(k) and V(>k) (ie., the parts with four fields,..., k
fields, and more than k fields, respectively), and following each one by the
renormalization flow, hypothesis 2, may be improved for each part I7(k)
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which receives extra contracting factors L "®2- D4 due to Cauchy

estimates [see Egs. (4.28)-(4.31)]. This procedure (the separation of ¥ into
several parts) has already been successfully used in another problem.!”)
Thus, an extra factor appears in %, of (5.6) (together with §™*"),
increasing the falloff.

As a final comment, we emphasize once more the advantage of using
a representation showing the property of orthogonality between scales to
study correlation functions: the simplicity of the final formulas, specifically,
the structure of the dominant part and the easy analysis of the sub-
dominant one must be mentioned.

Although we consider in this paper only scalar lattice models and the
block renormalization group, we would like to see the extension of the
representation obtained here to more complicated vector and fermionic
models, as well as for other renormalization groups (e.g., for those
considered in refs. 8 and 9).

It should also be mentioned that in ref. 10 wavelets are constructed
and related to the Gaussian fixed point.
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